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Abstract
For the two dimensional stationary MHD equations, we prove that Liouville
type theorems hold if the velocity is growing at infinity, where the magnetic field is
assumed to be bounded under a smallness condition. The key point is to overcome
the nonlinear terms, since no maximum principle holds for the MHD case with
respect to the Navier-Stokes equations. As a corollary, we obtain that all the
solutions of the 2D Navier-Stokes equations satisfying∇u ∈ Lp(R2) with 1 < p <∞
are constants, which is sharp since the same argument fails in the case of ∇u ∈
L∞(R2).
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1 Introduction
Consider the incompressible MHD equations on the whole space R2:

−∆u + u · ∇u+∇π = b · ∇b,
−∆b + u · ∇b = b · ∇u,
div u = 0, div b = 0,
(1)
1
and the Dirichlet energy is defined as follows:
D(u, b) =
∫
R2
|∇u|2 + |∇b|2dx. (2)
When b = 0 in (1), it follows that the 2D Navier-Stokes equations. Let us recall
some known results on this issue. For example, Gilbarg-Weinberger proved the above
Liouville type theorem by assuming (2) in [10], where they made use of the fact that the
vorticity function satisfies a nice elliptic equation to which a maximum principle applies.
The assumption on boundedness of the Dirichlet energy can be relaxed to ∇u ∈ Lp(R2)
with some p ∈ (6
5
, 3], see Bildhauer-Fuchs-Zhang [1]. If u is bounded, a Liouville theorem
being more in the spirit of the classical one for entire analytic functions was obtained by
Koch-Nadirashvili-Seregin-Sverak [12] as a byproduct of their work on the non-stationary
case. The above results also can be generalized to the shear thickening flows, for example
see [3, 4, 5, 18, 11, 19]. The existence and asymptotic behavior of solutions in an exterior
domain, for example see [9, 15, 16, 8, 14, 13, 2].
Moreover, a velocity field u satisfying the stationary Navier-Stokes equations on the
entire plane must be constant under the growth condition lim sup |x|−α|u(x)| < ∞ as
|x| → ∞ for some α ∈ [0, 1/7), see Fuchs-Zhong [6]. The component is improved to
α < 1
3
, see Bildhauer-Fuchs-Zhang [1]. More references, we refer to [12] and the references
therein.
For the two dimensional stationary MHD equations, the similar Liouvile type theorems
seem to be more difficult, since the maximum principle is not available to the best of my
knowledge. In [17], the author and Y. Wang obtained some Liouvile type theorems by
assuming (2) or u ∈ L∞, where the smallness conditions of the magnetic field are added.
Here we go on this topic in this direction. Since all the exact solutions of (1) with b = 0
we know are polynomials, it seems that the smooth solutions below linear growth are
trivial. A natural question:
What happens if the velocity is growing at infinity?
Note that the vorticity equations are as follows. Let w = ∂2u1 − ∂1u2 and h =
∂2b1 − ∂1b2, then {
−∆w + u · ∇w = b · ∇h,
−∆h + u · ∇h = b · ∇w +H
(3)
where
H = 2∂2b2(∂2u1 + ∂1u2) + 2∂1u1(∂2b1 + ∂1b2).
The main difficulty comes from the terms b · ∇w, H etc., which is not vanishing for
any energy integration. That’s why we have to assume the smallness of some norm of b.
However, if the velocity is largely growing as in [1], i.e. there exist two constants α > 0
and c0 > 0 such that
|u(x)| ≤ c0 (1 + |x|)
α , ∀ x ∈ R2, (4)
2
it’s more complicated in this case. In fact, as the same arguments in [1], the term
C(q)R2α
∫
R2
h2 |b|2w2q−4(η2ℓ)dx
seems to be out of control (see (8) in the second subsection). To overcome it, we introduce
the decay condition of b:
|b(x)| ≤ c0 (1 + |x|)
β , ∀ x ∈ R2, (5)
where β < 0, and consider the local energy estimate in an annular domain.
Next we state our first result:
Theorem 1.1. Let (u, b, π) be a smooth solution of the 2D MHD equations (1) defined
over the entire plane satisfying the growth estimates (4) with α < 1
3
and (5) with β < −α.
Then u and π are constants and b ≡ 0, if there exists one positive number ε0 = ε0(α, β, c0)
such that there holds
‖b‖L1(R2) + ‖|h|
1
3‖L1(R2) ≤ ε0.
Remark 1. The above result generalized the Liouville type theorem in [12, 6, 1] to the
MHD case.
It follows from the above theorem that
Theorem 1.2. Let (u, b, π) be a smooth solution of the 2D MHD equations (1) defined
over the entire plane satisfying the growth estimates ∇u ∈ Lq0(R2) for 1 < q0 < ∞,
∇b ∈ L∞(R2) and
‖b‖L1(R2) + ‖|h|
1/3‖L1(R2) ≤ ε,
where ε is sufficiently small depending on q0, ‖∇u‖Lq0 and ‖∇b‖L∞. Then u and π are
constants and b ≡ 0.
When b vanishes, the 2D Navier-Stokes equations follows from (1).
Corollary 1.3. Let (u, π) be a smooth solution of the 2D NS equations defined over the
entire plane satisfying the growth estimates ∇u ∈ Lq(R2) for some 1 < q < ∞. Then u
and π are constants.
Remark 2. The above result generalized the Liouville type theorem by Gilbarg-Weinberger
in [10] for q = 2. Moreover, this is the best estimate in a sense, since there are counter-
examples for ∇u ∈ L∞(R2) (for example, the Couette flow (x2, 0)).
We need the following lemma in the proof.
3
Lemma 1.4 (Theorem II.9.1 [7]). Let Ω ⊂ R2 be an exterior domain and let
∇f ∈ Lp(Ω),
for some 2 < p <∞. Then
lim
|x|→∞
|f(x)|
|x|
p−2
p
= 0,
uniformly.
Throughout this article, C(α1, · · · , αn) denotes a constant depending on α1, · · · , αn,
which may be different from line to line.
2 Proof of Theorem 1.1
In this section, we are aimed to prove Theorem 1.1 by following the same route in [1].
Different from the arguments in [1], we consider the local energy estimates in an annular
domain and obtain the Lq estimates of the vorticity.
First, we prove the following proposition.
Proposition 2.1. Let (u, b, π) be a smooth solution of the 2D MHD equations (1) defined
over the entire plane satisfying the growth estimates (4) with 0 < α < 1
3
and (5) with
β < −α. Then
‖∇u‖L2q(R2) + ‖∇b‖L2q(R2) ≤ C(α, β, q, c0) <∞
holds for any q > q0, where
q0 = max{
2
1− 3α
,
−1
α + β
,−
1
2β
}. (6)
Proof of Proposition 2.1. Let η(x) ∈ C∞0 (BR) be a cut-off function on an annular
domain with 0 ≤ η ≤ 1 satisfying
η(x) =
{
1, x ∈ BR\BR/2,
0, x ∈ Bc2R ∪BR/4.
Write w2q = (w2)q. Then for q ≥ 2, ℓ ≥ q, we have∫
R2
w2qη2ℓdx =
∫
R2
(∂2u1 − ∂1u2)w
2q−2wη2ℓdx
=
∫
R2
(u2,−u1) · ∇[w
2q−2wη2ℓ]dx
4
≤ (2q − 1)
∫
R2
|u||∇w|w2q−2η2ℓdx+ 2ℓ
∫
R2
|u||∇η||w|2q−1η2ℓ−1dx
≤
1
2
∫
R2
w2qη2ℓdx+ C(q)
∫
R2
|u|2|∇w|2w2q−4η2ℓdx
+2ℓ
∫
R2
|u||∇η||w|2q−1η2ℓ−1dx
Similarly, we have∫
R2
h2qη2ℓdx ≤ C(q)
∫
R2
|b|2|∇h|2h2q−4η2ℓdx+ 4ℓ
∫
R2
|b||∇η||h|2q−1η2ℓ−1dx
Due to the growth estimates (4) and (5), we have∫
R2
w2qη2ℓ + h2qη2ℓdx
≤ C(q)R2α
∫
R2
|∇w|2w2q−4η2ℓdx+ C(q)R2β
∫
R2
|∇h|2h2q−4η2ℓdx
+C(ℓ)Rα−1
∫
R2
|w|2q−1η2ℓ−1dx+ C(ℓ)Rβ−1
∫
R2
|h|2q−1η2ℓ−1dx (7)
On the other hand, multiply η2ℓw2q−4w and η2ℓh2q−4h on both sides of (3), and we
have
I
.
= (2q − 3)
∫
R2
|∇w|2w2q−4η2ℓdx
≤
1
2q − 2
∫
R2
w2q−2△(η2ℓ)dx+
1
2q − 2
∫
R2
w2q−2u · ∇(η2ℓ)dx
+
∫
R2
b · ∇h|w|2q−4w(η2ℓ)dx
≤
1
2q − 2
∫
R2
w2q−2△(η2ℓ)dx+
1
2q − 2
∫
R2
w2q−2u · ∇(η2ℓ)dx
+
1
2
I + C(q)
∫
R2
h2 |b|2w2q−4(η2ℓ)dx−
∫
R2
w2q−4wh b · ∇(η2ℓ)dx (8)
and similarly
II
.
= (2q − 3)
∫
R2
|∇h|2h2q−4η2ℓdx
≤
1
2q − 2
∫
R2
h2q−2△(η2ℓ)dx+
1
2q − 2
∫
R2
h2q−2u · ∇(η2ℓ)dx
−
∫
R2
w |h|2q−4hb · ∇(η2ℓ)dx+
1
2
II + C(q)
∫
R2
w2 |b|2h2q−4(η2ℓ)dx
+C
∫
R2
|∇u||∇b||h|2q−3(η2ℓ)dx (9)
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Then it follows from (7), (8) and (9) that∫
R2
w2qη2ℓ + h2qη2ℓdx
≤ C(q, ℓ)Rα−1
(
Rα−1
∫
R2
w2q−2(η2ℓ−2)dx+R2α
∫
R2
w2q−2(η2ℓ−1)dx+
∫
R2
|w|2q−1(η2ℓ−1)dx
)
+C(q, ℓ)
(
R2α+2β
∫
R2
h2w2q−4(η2ℓ)dx+R2α−1+β
∫
R2
|w|2q−3|h|(η2ℓ−1)dx
)
+C(q, ℓ)Rβ−1
(
Rβ−1
∫
R2
h2q−2(η2ℓ−2)dx+Rα+β
∫
R2
h2q−2(η2ℓ−1)dx+
∫
R2
|h|2q−1(η2ℓ−1)dx
)
+C(q)
(
R4β
∫
R2
w2h2q−4(η2ℓ)dx+R−1+3β
∫
R2
|h|2q−3|w|(η2ℓ−1)dx
)
+C(q)R2β
∫
R2
|∇u||∇b||h|2q−3(η2ℓ)dx = I1 + · · ·+ I5 (10)
Estimate of I5. For a smooth vector-valued function F ∈ C
2
0(Ω), by applying the
Caldero´n-Zygmund theory we have
‖∇F‖Lq(Ω) ≤ C(n, q)
(
‖div F‖Lq(Ω) + ‖∇ × F‖Lq(Ω)
)
, (11)
since the following identity holds,
△F = ∇(div F )−∇×∇× F.
Hence, by choosing F = uη
ℓ
q or bη
ℓ
q we get
(∫
R2
|∇u|2qη2ℓdx
) 1
2q
≤ C(q, ℓ)
(∫
R2
|u|2qη2ℓ−2q|∇η|2qdx
) 1
2q
+ C(q, ℓ)
(∫
R2
|w|2qη2ℓdx
) 1
2q
≤ C(q, ℓ)R−1+α+
1
q + C(q, ℓ)
(∫
R2
|w|2qη2ℓdx
) 1
2q
and ∫
R2
|∇u||∇b||h|2q−3(η2ℓ)dx
≤ C(q, ℓ)R
1
q
(
Rα+
1
q
−1 +
(∫
R2
|w|2qη2ℓdx
) 1
2q
)
·
(
Rβ+
1
q
−1 +
(∫
R2
|h|2qη2ℓdx
) 1
2q
)
·
(∫
R2
h2qη2ℓdx
) 2q−3
2q
.
Thus for the term I5, Young inequality implies that
I5 ≤ C(q)R
2β
∫
R2
|∇u||∇b||h|2q−3(η2ℓ)dx
6
≤ C(δ, q, ℓ)R
2q
3
(−2+α+3β+ 3
q
) + C(δ, q, ℓ)Rq(−1+α+2β+
2
q
) + δ
(∫
R2
|w|2qη2ℓdx
)
+C(δ, q, ℓ)R2+4βq + δ
(∫
R2
|h|2qη2ℓdx
)
where δ > 0, to be decided.
Estimate of I1. Noting ℓ ≥ q, by Young inequality we have
I1 = C(ℓ, q)R
2α−2
∫
R2
w2q−2(η2ℓ−2)dx+ C(ℓ, q)R3α−1
∫
R2
w2q−2(η2ℓ−1)dx
+C(ℓ, q)Rα−1
∫
R2
w2q−1η2ℓ−1dx = I11 + · · ·+ I13,
where
I11 ≤ δ
∫
R2
w2qη(2ℓ−2)
q
q−1dx+ C(δ, ℓ, q)R2+q(2α−2),
I12 ≤ δ
∫
R2
w2qη(2ℓ−1)
q
q−1dx+ C(δ, ℓ, q)R2+q(3α−1),
and
I13 ≤ δ
∫
R2
w2qη(2ℓ−1)
2q
2q−1dx+ C(δ, ℓ, q)R2+2q(α−1).
Similarly, for the term I2, we get
I2 ≤ δ
∫
R2
(w2q + h2q)η(2ℓ)dx+ C(δ, ℓ, q)R2+q(2α+2β)
+δ
∫
R2
(w2q + h2q)η(2ℓ−1)
q
q−1dx+ C(δ, ℓ, q)R2+q(2α−1+β)
Estimate of I3. By Ho¨lder and Young inequalities we have
I3 ≤ δ
∫
R2
h2qη(2ℓ−2)
q
q−1dx+ C(δ, ℓ, q)R2+q(2β−2)
+δ
∫
R2
h2qη(2ℓ−1)
q
q−1dx+ C(δ, ℓ, q)R2+q(α−1+2β)
+δ
∫
R2
h2qη(2ℓ−1)
2q
2q−1dx+ C(δ, ℓ, q)R2+2q(β−1)
Similarly,
I4 ≤ δ
∫
R2
(w2q + h2q)η(2ℓ)dx+ C(δ, ℓ, q)R2+q(4β)
+δ
∫
R2
(w2q + h2q)η(2ℓ−1)
q
q−1dx+ C(δ, ℓ, q)R2+q(−1+3β)
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Hence, firstly taking ℓ = q and δ < 1
32
; secondly, for fixed α < 1
3
with β < −α, we
take the minimum q0 satisfying the following conditions
2 + q(2α− 2) ≤ 0, 2 + q(3α− 1) ≤ 0, 2 + 2q(α− 1) ≤ 0,
and
2 + 4βq ≤ 0, 2 + q(2α + 2β) ≤ 0.
Obviously, q0 is as in (6). And for any q > q0, we write
γ0 = max{2 + q(3α− 1), 2 + 4βq, 2 + q(2α+ 2β)} < 0.
Then we get∫
R2
w2qη2ℓ + h2qη2ℓdx ≤ C(ℓ, q)
[
R2+q(2α−2) +R2+q(3α−1) +R2+2q(α−1)
]
+C(q, ℓ)R2+4βq + C(ℓ, q)R2+q(2α+2β)
Choose R = 2k+1 with k ∈ N such that∫
2k≤|x|≤2k+1
w2q + h2qdx ≤ C(α, β, q)2kγ0
Consequently, we get ∫
R2\B1
w2q + h2qdx ≤ C(α, β, q, c0) <∞, (12)
for any q > q0.
Arguments for the estimate in B1. Firstly,∫
R2
w2q + h2qdx <∞, q > q0,
due to the regularity of the solutions. Secondly, by (11) we have∫
BR
|∇u|2q + |∇b|2qdx ≤ C(q)
∫
R2
w2q + h2qdx+ C(q)R−2q
∫
B2R
(|u|+ |b|)2qdx,
and thus ∫
R2
|∇u|2q + |∇b|2qdx ≤ C(q)
∫
R2
w2q + h2qdx <∞, q > q0, (13)
where we used the growth estimates (4) and (5). Finally, for the cut-off function η1, i.e.
η1(x) =
{
1, x ∈ B1,
0, x ∈ Bc2,
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one can also obtain that (10) and∫
R2
w2qη2ℓ1 + h
2qη2ℓ1 dx ≤ C(q)
∫
R2
(|∇u|+ |∇b|)2q−2η2ℓ−21 + (|∇u|+ |∇b|)
2q−1η2ℓ−11 dx,
which can be controlled by
C(q)
∫
R2
(|∇(uη1)|+ |∇(bη1)|)
2q−2 + (|∇(uη1)|+ |∇(bη1)|)
2q−1dx+ C(q).
Using (11) again, we get∫
R2
w2qη2ℓ1 + h
2qη2ℓ1 dx ≤
1
2
∫
R2
w2qη2ℓ1 + h
2qη2ℓ1 dx+ C(q),
which and (12) imply that∫
R2
w2q + h2qdx ≤ C(α, β, q, c0) <∞,
for any q > q0. And the required inequality follows by using (11), (4) and (5) again.
Thus the proof of Proposition 2.1 is complete.
Lemma 2.2. Let (u, b, π) be a smooth solution of the 2D MHD equations (1) defined over
the entire plane satisfying the growth estimates (4) with 0 < α < 1
3
. Moreover, we assume
that b satisfies (5) with β < −α. Then
‖∇(|w|q−1)‖Lq(R2) + ‖∇(|h|
q−1)‖L2(R2) ≤ C(α, β, q, c0) <∞,
where
q > q0 + 1 = max{
2
1− 3α
,
−1
α + β
,−
1
2β
}+ 1.
Proof of Lemma 2.2. On the other hand, let φ(x) ∈ C∞0 (BR) and 0 ≤ φ ≤ 1
satisfying
φ(x) =
{
1, x ∈ BR,
0, x ∈ Bc2R
Using similar estimates as in (8) and (9), multiply φ2qw2q−4w and φ2qh2q−4h on both
sides of (3) with q > 2, and we have
I ′
.
= (2q − 4)
∫
R2
|∇w|2w2q−4φ2qdx
≤
1
2q − 2
∫
R2
w2q−2△(φ2q)dx+
1
2q − 2
∫
R2
w2q−2u · ∇(φ2q)dx
9
+C(q)
∫
R2
h2 |b|2w2q−4(φ2q)dx−
∫
R2
w2q−4wh b · ∇(φ2q)dx
.
= I ′1 + · · ·+ I
′
4, (14)
and
II ′
.
= (2q − 4)
∫
R2
|∇h|2h2q−4φ2qdx
≤
1
2q − 2
∫
R2
h2q−2△(φ2q)dx+
1
2q − 2
∫
R2
h2q−2u · ∇(φ2q)dx
−
∫
R2
w h2q−4hb · ∇(φ2q)dx+ C(q)
∫
R2
w2 |b|2h2q−4(φ2q)dx
+C
∫
R2
|∇u||∇b||h|2q−3(φ2q)dx
.
= II ′1 + · · ·+ II
′
5 (15)
Since
‖w‖2q + ‖h‖2q <∞,
for any q > q0, we have
‖∇(|w|q−1)‖2L2(BR) + ‖∇(|h|
q−1)‖2L2(BR) ≤ C
∫
B2R
|w|2q−2 + |h|2q−2 + |∇u||h|2q−2dx <∞,
for any q > q0 + 1. Then the proof is complete.
Proof of Theorem 1.1: For q > q0 + 1, we still consider the inequalities (14) and
(15). Now we estimate the term I ′3, since
I ′3 ≤ C(q)
∫
R2
|b|2w2q−2(φ2q)dx+
∫
R2
|b|2h2q−2(φ2q)dx
.
= I ′31 + I
′
32,
where
I ′31 =
∫
R2
|b|2w2q−2(φ2q)dx
≤
(∫
R2
|b|2p
′
dx
) 1
p′
(∫
R2
|w˜|2pdx
) 1
p
≤ C(q)‖b‖Lp′(R2)‖b‖∞‖w˜‖
θ
2q
q−1
‖∇w˜‖2−θ2
where w˜ = |w|q−1 and we used Ho¨lder inequality, Lemma 2.2, and Gagliardo-Nirenberg
inequality( for example, see Lemma II.3.3 in [7]). Let p = 4q, then
θ =
2q
p(q − 1)
=
1
2(q − 1)
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Taking p1 = 8q − 2, noting that (13), by Gagliardo-Nirenberg inequality we have
I ′31 ≤ C(q)‖b‖Lp′ (R2)‖b‖
(
p1−2
3p1−2
)
L1(R2) ‖h‖
(
2p1
3p1−2
)
Lp1(R2)‖w˜‖
θ
2q
q−1
‖∇w˜‖2−θ2
≤ C(q)‖b‖Lp′ (R2)‖b‖
(
p1−2
3p1−2
)
L1(R2) ‖h˜‖
4q
q−1
1
3p1−2
L
2q
q−1 (R2)
‖∇h˜‖
(
p1−2q
p1(q−1)
)(
2p1
3p1−2
)
2 ‖w˜‖
θ
2q
q−1
‖∇w˜‖2−θ2
≤ C(q)‖b‖Lp′ (R2)‖b‖
(
p1−2
3p1−2
)
L1(R2) ‖h˜‖
4q
q−1
1
3p1−2
L
2q
q−1 (R2)
‖∇h˜‖θ2‖w˜‖
θ
2q
q−1
‖∇w˜‖2−θ2 ,
since
(
p1 − 2q
p1(q − 1)
)(
2p1
3p1 − 2
) = θ. (16)
Due to (5) and Proposition 2.1, we have
‖b‖Lp′(R2) ≤ C(β)‖b‖
1
p′
L1(R2)
hence there exists a positive number ‖b‖L1(R2) = ε2 = ε2(α, β, q, c0) such that
I ′31 ≤ C(q, α, β, c0)‖b‖
(
p1−2
3p1−2
)+ 1
p′
L1(R2) ‖∇h˜‖
θ
2‖∇w˜‖
2−θ
2
≤
1
16
[‖∇h˜‖22 + ‖∇w˜‖
2
2]
The term I ′32 and II
′
4 are similar, hence we have
I ′3 + II
′
4 =
∫
R2
w2 |b|2h2q−2(φ2q)dx ≤
1
8
[‖∇h˜‖22 + ‖∇w˜‖
2
2]
Next we estimate the term II ′5. Noting that (13), using Gagliardo-Nirenberg inequality
again we have
II ′5 =
∫
R2
|∇b||∇u|h2q−3(φ2q)dx
≤ ‖∇u‖2p(q−1)‖∇b‖
2q−2
2p(q−1)(2q−2)
2pq−2p−1
≤ C(q)
(∫
R2
|h|p
′
dx
) 1
p′
(∫
R2
|h2q−2|pdx
) 2q−3
p(2q−2)
‖∇u‖2p(q−1)
≤ C(q)‖h‖Lp′(R2)
[
‖w˜‖θ2q
q−1
‖∇w˜‖2−θ2 + ‖h˜‖
θ
2q
q−1
‖∇h˜‖2−θ2
]
where p = 4q and
θ =
2q
p(q − 1)
=
1
2(q − 1)
11
Taking p1 = 8q − 2 and γ =
p1−2
3p1−2
we have
C(q)‖h‖Lp′(R2) ≤ C(q)
(∫
R2
|h|
p′γp1
p1−p
′(1−γ)dx
) p1−p′(1−γ)
p1p
′
‖h‖
(
2p1
3p1−2
)
Lp1 (R2)
≤ C(q)‖h‖γ
L
p′γp1
p1−p
′(1−γ) (R2)
‖h˜‖
4q
q−1
1
3p1−2
L
2q
q−1 (R2)
‖∇h˜‖
(
p1−2q
p1(q−1)
)(
2p1
3p1−2
)
2 ,
and since
p′γp1
p1 − p′(1− γ)
=
p1
p
p−1
· p1−2
3p1−2
p1 −
p
p−1
· 2p1
3p1−2
=
4q(8q − 4)
(24q − 8)(4q − 1)− 8q
=
4q2 − 2q
12q2 − 8q + 1
thence by (16) we have
II ′5 ≤ C(q)‖|h|
1
3‖
3γ 6q−2
6q−1
L1(R2) ‖h‖
γ
6q−1
L2q(R2)‖h˜‖
4q
q−1
1
3p1−2
L
2q
q−1 (R2)
‖∇h˜‖θ2
·
[
‖w˜‖θ2q
q−1
‖∇w˜‖2−θ2 + ‖h˜‖
θ
2q
q−1
‖∇h˜‖2−θ2
]
,
where we used Ho¨lder inequality, since
1
3
<
4q2 − 2q
12q2 − 8q + 1
< 2q
for q > 2. Hence there exists a positive number ‖|h|
1
3‖L1(R2) ≤ ε3(α, β, q, c0) such that
II ′5 ≤
1
16
[‖∇h˜‖22 + ‖∇w˜‖
2
2]
Recalling the inequalities (14) and (15), using the growth (4), (5) and the above
estimates, by Proposition 2.1 and Lemma 2.2 we get∫
R2
|∇w|2w2q−4φ2qdx+
∫
R2
|∇h|2h2q−4φ2qdx
≤ C(α, β, q, c0)[R
−2 +Rα−1 +Rβ−1]
and R→∞ implies that
∇(|w|q−1) ≡ 0, ∇(|h|q−1) ≡ 0,
which yields that
w ≡ C, h ≡ C,
and it follows from Proposition 2.1 that C ≡ 0 and u, b are constants.
The proof of Theorem 1.1 is complete by taking ε0 = min{ε2, ε3}.
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3 Proof of Theorem 1.2
Proposition 3.1. Let (u, b, π) be a smooth solution of the 2D MHD equations (1) defined
over the entire plane satisfying the growth estimates ∇u ∈ Lq0(R2) for 2 < q0 < ∞,
∇b ∈ L∞(R2) and
‖b‖L1(R2) + ‖|h|
1/3‖L1(R2) ≤ ε1,
where ε1 is sufficiently small depending on q0, ‖∇u‖Lq0 and ‖∇b‖L∞. Then
∇u ∈ Lp(R2),∇b ∈ Lp(R2),
for any p ≥ q0.
Proof of Proposition 3.1. By Lemma 1.4, there exists R > 0 such that
|u(x)| ≤ (1 + |x|)
q0−2
q0 , |x| > R, (17)
since ∇u ∈ Lq0(R2), and we also have b(x) ∈ Lp(R2) with 1 ≤ p ≤ ∞ by Gagliardo-
Nirenberg inequality satisfying
‖b‖Lp(R2) ≤ C(p, ‖∇b‖∞)
Moreover, using (13) again, we have ∇b(x) ∈ Lp(R2) with 1 < p ≤ ∞ and
‖∇b‖Lp(R2) ≤ C(p, ‖∇b‖∞).
Recalling the inequalities (14) and (15) with q − 1 = q0
2
, we have
‖∇(|w|q−1)‖2L2(BR) + ‖∇(|h|
q−1)‖2L2(BR)
≤ C(q0, ‖∇b‖∞)
∫
B2R\BR
(R
− 2
q0 + |b|R−1)(|w|q0 + |h|q0)dx
+C(q0, ‖∇b‖∞)
∫
B2R
|b|2(|w|q0 + |h|q0) + |∇u||∇b|q0dx <∞, (18)
Thus
∇(|w|
q0
2 ),∇(|h|
q0
2 ) ∈ L2(R2),
which implies Proposition 3.1.
Proof of Theorem 1.2: One can make the same argyuments with the two terms of
I ′31 and II
′
5 as in the proof of Theorem 1.1 by noting that (18) and (17).
For 1 < q0 ≤ 2, we refer to Theorem 1.1 and 1.2 of [17], which is an immediate
corollary. The proof is complete.
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